Superquadratic functions and refinements of inequalities between
  averages by Abramovich, Shoshana et al.
ar
X
iv
:1
11
0.
52
17
v1
  [
ma
th.
NA
]  
24
 O
ct 
20
11
SUPERQUADRATIC FUNCTIONS AND REFINEMENTS OF
INEQUALITIES BETWEEN AVERAGES
S. ABRAMOVICH, J. BARIC´, M. MATIC´, AND J. PECˇARIC´
Abstract. In this paper upper bounds are given for the successive differ-
ences An+1 −An and Bn −Bn−1 where An = 1/ (n− 1)
∑
n−1
r=1
f (r/n), Bn =
1/ (n+ 1)
∑
n
r=0 f (r/n) and f is superquadratic function. We obtain bounds
for the successive differences of the more general sequence 1/cn
∑
n
r=1 f (ar/bn)
when f is superquadratic, which refine known results for convex functions. We
also obtain bounds for various successive differences when f is an increasing
subquadratic function.
1. Introduction
We define the averages
An(f) =
1
n−1
n−1∑
r=1
f
(
r
n
)
, n ≥ 2
and
Bn (f) =
1
n+1
n∑
r=0
f
(
r
n
)
, n ≥ 1.
In [9] (see also [8]) it was shown that if f is convex, then An(f) increases with n
and Bn (f) decreases. In [5], for the class of superquadratic functions, the theorems
of [9] are generalized in the following Theorem A and Theorem B.
Theorem A [5] If f is superquadratic on [0, 1] then for n ≥ 2
An+1 (f)−An (f) ≥ f
(
1
3n
)
+
n−1∑
r=1
λrf (yr) ,
where yr =
|2n−1−3r|
3n(n+1) . Moreover if f is superquadratic and non-negative, then for
n ≥ 3
An+1 (f)−An (f) ≥ f
(
1
3n
)
+ f
(
16
81(n+3)
)
.
Theorem B [5] If f is superquadratic on [0, 1], then for n ≥ 2
Bn−1 (f)−Bn (f) ≥ f
(
1
3n
)
+
n∑
r=1
λrf (yr) ,
where yr =
|2n+1−3r|
3n(n−1) . Moreover, if f is also non-negative, then for n ≥ 2
Bn−1 (f)−Bn (f) ≥ f
(
1
3n
)
+ f
(
16
81n
)
.
Date: October 24, 2011.
2000 Mathematics Subject Classification. 26A51, 26D15.
Key words and phrases. inequalities, superquadratic functions, sums, powers, Jensen’s inequal-
ities, convex functions.
1
2 S. ABRAMOVICH, J. BARIC´, M. MATIC´, AND J. PECˇARIC´
In this article we find upper bounds for the difference An+1 (f)−An (f) and for
the difference Bn−1 (f)−Bn (f) . We also generalize the lower bounds obtained in
[10], [11] and [14].
Now we present the class of superquadratic functions f that we use in this paper
to get our results related to differences of averages. This was introduced in [4] and
[5], and dealt with in [1], [2], [3], [6], [7], [12], [13] and other papers.
Definition 1. [4, 5] A function f , defined on an interval I = [0, L] or [0,∞) is
superquadratic, if for each x in I, there exists a real number C (x) such that
f (y)− f (x) ≥ C (x) (y − x) + f (|y − x|) (1.1)
for all y ∈ I. A function f is subquadratic if −f is superquadratic.
As stated in the following Lemma A, positive superquadratic functions are also
convex, increasing and satisfy f (0) = 0 (like f (x) = xm, m ≥ 2). Therefore the
results obtained in this paper leads to refinements of results in [9], [10] and [14].
Lemma A [4] Let f be a superquadratic function with C (x) as in Definition 1.
Then
(i) f (0) ≤ 0,
(ii) if f (0) = f ′ (0) = 0, then C (x) = f ′ (x) whenever f is differentiable at x > 0,
(iii) if f (x) ≥ 0, x ∈ I, then f is convex on I and f (0) = f ′ (0) = 0 .
Lemma B [5] Suppose that f is superquadratic. Let xr ≥ 0, 1 ≤ r ≤ n and let
x =
∑n
r=1 λrxr where λr ≥ 0, and
∑n
r=1 λr = 1. Then
n∑
r=1
λrf (xr) ≥ f (x) +
n∑
r=1
λrf (|xr − x|) . (1.2)
If f (x) is subquadratic the reverse inequality to (1.2) holds.
From Lemma B we get the immediate result which we state in the following
Lemma 1, by repeating (1.2) t times.
Lemma 1. Let f be superquadratic on [0, L] and let x, y ∈ [0, L], 0 ≤ λ ≤ 1.
Then
λf (x) + (1− λ) f (y)
≥ f (λx+ (1− λ) y) + λf ((1− λ) |y − x|) + (1− λ) f (λ |y − x|)
≥ f (λx+ (1− λ) y) +
t−1∑
k=0
f
(
2λ (1− λ) |1− 2λ|
k
|x− y|
)
+
λf
(
(1− λ) |1− 2λ|
t
|x− y|
)
+ (1− λ) f
(
λ |1− 2λ|
t
|x− y|
)
. (1.3)
If f is positive superquadratic we get from (1.3) that
λf (x) + (1− λ) f (y)
≥ f (λx+ (1− λ) y) +
t−1∑
k=0
f
(
2λ (1− λ) |1− 2λ|
k
|x− y|
)
(1.4)
If f is subquadratic we get the reverse inequality of (1.3).
From Lemma 1 we get the following result for a positive superquadratic functions.
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Lemma 2. Let f be a positive superquadratic function on [0, L]. Let Ai ∈ [0, L] ,
0 ≤ λi ≤ 1, i = 1, ...,m. Then
m∑
i=1
[λif ((1− λi)Ai) + (1− λi) f (λiAi)]
≥
t∑
k=0
mf
(∑
m
i=1
2λi(1−λi)|1−2λi|
kAi
m
)
, t = 0, 1, 2, ... (1.5)
If λiAi ≥ A, i = 1, ...,m, then
m∑
i=1
[λif ((1− λi)Ai) + (1− λi) f (λiAi)]
≥
t∑
k=0
mf
(∑
m
i=1
2(1−λi)|1−2λi|
kA
m
)
. (1.6)
2. Superquadracity, subquadracity and upper bounds of averages
In the following theorem we establish an upper bounds for the differences An+1 (f)−
An (f) and Bn−1 (f) − Bn (f) for superquadratic functions whereas in [6] and [2],
lower bounds were established for convex functions and superquadratic functions
respectively.
Theorem 1. Let f be a superquadratic function on [0, 1]. Then for 1 ≤ r ≤ n,
n ≥ 3, we get
An+1 (f)−An(f)
≤ 12
[
f
(
1
n+1
)
+ f
(
n
n+1
)]
−
n−1∑
r=1
[
2r
n(n−1)f
(
n−r−1
n+1
)
+ 1
n−1f
(
r
n
)]
. (2.1)
Moreover, if f is also positive, then
An+1 (f)−An (f) ≤
1
2
[
f
(
1
n+1
)
+ f
(
n
n+1
)]
−
[
f
(
n−2
3(n+1)
)
+ f
(
1
2
)]
(2.2)
Proof. As f is a superquadratic function on [0, 1] , then by inserting in Lemma 1
x = 1
n+1 , y =
n
n+1 , λ =
n−r
n−1 , r = 1, ..., n we get
f
(
r
n+1
)
≤ n−r
n−1f
(
1
n+1
)
+ r−1
n−1f
(
n
n+1
)
−
[
n−r
n−1f
(
r−1
n+1
)
+ r−1
n−1f
(
n−r
n+1
)]
. (2.3)
Hence
n∑
r=1
f
(
r
n+1
)
≤
n∑
r=1
[
n−r
n−1f
(
1
n+1
)
+ r−1
n−1f
(
n
n+1
)]
−
n∑
r=1
[
n−r
n−1f
(
r−1
n+1
)
+ r−1
n−1f
(
n−r
n+1
)]
= n2
[
f
(
1
n+1
)
+ f
(
n
n+1
)]
−
n∑
r=1
[
n−r
n−1f
(
r−1
n+1
)
+ r−1
n−1f
(
n−r
n+1
)]
= n2
[
f
(
1
n+1
)
+ f
(
n
n+1
)]
−
n−1∑
r=1
2r
n−1f
(
n−r−1
n+1
)
. (2.4)
From (2.4) we get (2.1).
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If the superquadratic f is also positive on [0, 1] then f is convex and from (2.1)
we get
An+1 (f)−An (f) ≤
1
2
[
f
(
1
n+1
)
+ f
(
n
n+1
)]
−
[
f
(
n−1∑
r=1
2(r−1)(n−r)
n(n−1)(n+1)
)
+ f
(
1
2
)]
= 12
[
f
(
1
n+1
)
+ f
(
n
n+1
)]
−
[
f
(
n−2
3(n+1)
)
+ f
(
1
2
)]
.
Hence, (2.2) holds. This completes the proof of the theorem. 
In the following theorem we establish an upper bound for the differenceBn−1 (f)−
Bn (f) by similar reasoning to those used in Theorem 1. The proof is omitted here.
Theorem 2. Let f be a positive superquadratic function on [0, 1]. Then
Bn−1 (f)−Bn (f) ≤
n−1
2n
[
f
(
1
n−1
)
+ f (1)
]
− n−3
n
f
(
1
3
)
− f
(
1
2
)
.
Remark 1. The arguments in Theorems 1 and 2 can be generalized to an upper
bound of
∑m
i=1 f
(
ai
an
)
where (ai)i≥1 is positive increasing sequence and f is
superquadratic function. Therefore, putting in Lemma 1 that λ = an−ai
an−a1
, x = ai
an
,
y = an
an
= 1, it follows
f
(
ai
an
)
≤ an−ai
an−a1
f
(
a1
an
)
+ ai−a1
an−a1
f (1)− an−ai
an−a1
f
(
ai−a1
an
)
− ai−a1
an−a1
f
(
an−ai
an
)
.
Hence,
m∑
i=1
f
(
ai
an
)
≤ f
(
a1
an
) m∑
i=1
an−ai
an−a1
+ f (1)
m∑
i=1
ai−a1
an−a1
−
m∑
i=1
[
an−ai
an−a1
f
(
ai−a1
an
)
+ ai−a1
an−a1
f
(
an−ai
an
)]
.
If f is also positive and therefore convex, we get from the last inequality that
m∑
i=1
f
(
ai
an
)
≤ f
(
a1
an
) m∑
i=1
an−ai
an−a1
+ f (1)
m∑
i=1
ai−a1
an−a1
−mf
(
m∑
i=1
2(an−ai)(ai−a1)
(an−a1)anm
)
. (2.5)
In theorems 1 and 2 we simplified the last inequality according to the specific m,
n, and (ai)i≥1 .
If ai, i = 1, ..., n is a general positive increasing sequence we get from (2.5), using
2 (an − ai) (ai − a1) > 2 (an − an−1) (a2 − a1) , that for m = n the inequality
n∑
i=1
f
(
ai
an
)
≤ f
(
a1
an
)(
nan−
∑
n
i=1
ai
an−a1
)
+ f (1)
(∑
n
i=1
ai−na1
(an−a1)
)
−nf
(
2(an−an−1)(a2−a1)
(an−a1)an
)
(2.6)
holds. Since for convex functions we have
n∑
i=1
f
(
ai
an
)
≥ n
n∑
i=1
f
(∑
n
i=1
ai
nan
)
, (2.7)
from (2.6) and (2.7) the following results directly follows.
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Theorem 3. Let f be a positive superquadratic function on [0, 1] and let (ai)i∈N
be a positive increasing sequence. Then
1
n
n∑
i=1
f
(
ai
an
)
− 1
n+1
n+1∑
i=1
f
(
ai
an+1
)
≤
nan−
∑
n
i=1
ai
n(an−a1)
f
(
a1
an
)
+
(∑
n
i=1
ai
)
−na1
n(an−a1)
f (1)
−f
(
2(an−an−1)(a2−a1)
(an−a1)an
)
− f
( ∑
n+1
i=1
ai
(n+1)an+1
)
.
Theorem 4. Let f be a positive superquadratic function on [0, 1] . Let (ai)i∈N be a
positive increasing sequence and (ci)i∈N be a positive sequence. Then
1
cn
n∑
i=1
f
(
ai
an
)
− 1
cn+1
n+1∑
i=1
f
(
ai
an+1
)
≤
nan−
∑
n
i=1
ai
(an−a1)
·
f
(
a1
an
)
cn
+
∑
n
i=1
ai−na1
n(an−a1)
· f(1)
cn
− n
cn
f
(
2(an−an−1)(a2−a1)
(an−a1)an
)
− n+1
cn+1
f
( ∑
n+1
i=1
ai
(n+1)an+1
)
.
In the following theorem we prove some inequalities for An (f) and Bn (f) for
increasing subquadratic functions.
First we state a lemma that follows immediately from Lemma B for subquadratic
functions.
Lemma 3. Let f be increasing and subquadratic, and let
xr ≤ 2
n∑
i=1
λixi, r = 1, ..., n (2.8)
where λi ≥ 0, xi ≥ 0, i = 1, ..., n,
∑n
i=1 λi = 1. Then
n∑
r=1
λrf (xr) ≤ 2f
(
n∑
r=1
λr (xr)
)
. (2.9)
In particular, if max{xr : r = 1, ..., n} ≤ 2min{xr : r = 1, ..., n}, then (2.8) holds
and therefore (2.9) holds.
For subquadratic increasing functions (which are therefore also non-negative)
the proofs of the following Theorem 5 for An (f) and Bn (f) show that (2.9) holds
as (2.8) always holds. The bounds given here for subquadratic functions are not
the best possible, but as they are easy to obtain we state these bounds and prove
them.
Theorem 5. Let f be increasing subquadratic function on [0, 1]. Then for n ≥ 2
An+1 (f) ≤ 2An (f) (2.10)
and
Bn−1 (f) ≤ 2Bn (f) . (2.11)
If f is also convex, we get that
An (f) ≤ An+1 (f) ≤ 2An (f) (2.12)
and
Bn (f) ≤ Bn−1 (f) ≤ 2Bn (f) (2.13)
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Proof. We use the same technique as in [5] and [9]. By some manipulations we get
that
An+1 (f) =
1
n
n∑
r=1
f
(
r
n+1
)
= 1
n−1
n−1∑
r=1
[
r
n
f
(
r+1
n+1
)
+ n−r
n
f
(
r
n+1
)]
.
Let us denote x1 (r) =
r+1
n+1 , x2 (r) =
r
n+1 , λ1 =
r
n
, λ2 =
n−r
n
, for 1 ≤ r ≤ n−1.
Now we get that λ1x1 + λ2x2 =
r
n
.
As x1 =
r+1
n+1 < 2
(
r
n
)
= 2 (λ1x1 + λ2x2) and x2 =
r
n+1 < 2
(
r
n
)
= 2 (λ1x1 + λ2x2) ,
we get that (2.8) is satisfied, and as f is subquadratic increasing we get by Lemma
3 that
1
n−1
[
n−1
n
n∑
r=1
f
(
r
n+1
)]
≤ 2 1
n−1
[
n−1∑
r=1
f
(
r
n
)]
,
and this is inequality (2.10). The same reasoning leads to (2.11). In [9] it was proved
that An (f) increases with n and Bn(f) decreases when f is convex. Therefore, if
f is convex increasing and subquadratic we get that (2.12) and (2.13) hold. 
Remark 2. The same reasoning that lead to (2.10) also shows that An(f) ≤ 2f
(
1
2
)
for subquadratic increasing function, and if f is also convex, An(f) ≥ f
(
1
2
)
.
Therefore, if f is convex increasing subquadratic function then f
(
1
2
)
≤ An(f) ≤
An+1(f) ≤ 2An(f) ≤ 4f
(
1
2
)
.
Remark 3. The following functions are examples of subquadratic increasing func-
tions which are also convex (see [4]) and therefore satisfy Theorem 5:
f(x) = xp, 1 ≤ p ≤ 2,
f(x) = (1 + xp)
1
p , 1 ≤ p,
f(x) = (1 + xp)
1
p − 1, 1 ≤ p ≤ 2,
f(x) = 3x2 − 2x2 log(x), 0 ≤ x ≤ 1.
3. Superquadraticity and lower bounds of averages
The following theorem refines the results of [14] for convex functions which are
also superquadratic (like f (x) = xm, m ≥ 2).
Theorem 6. Let f be a positive superquadratic function on [0, 1] and let (ai)i∈N,
ai > 0, and
(
i
(
1− ai
ai+1
))
i∈N
be increasing sequences. Then for n ≥ 2 we get that
∆ := 1
n
n∑
i=1
f
(
ai
an
)
− 1
n+1
n+1∑
i=1
f
(
ai
an+1
)
≥ n−1
n+1
[
f
(
a2−a1
nan
)
+ f
(
(n−2)(a2−a1)
2(n−1)nan
)
+ f
(
(n−2)(a2−a1)
3n2an
)]
. (3.1)
Proof. From the conditions on ai, i = 1, ..., n+ 1, it is obvious that
i
n
(
ai+1
an
− ai
an
)
≥ a2−a1
nan
=: A. (3.2)
By the same considerations as in [14] we get that
(i−1)ai−1+(n−i+1)ai
nan
≥ ai
an+1
(3.3)
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and
∆ = 1
n
n∑
i=1
f
(
ai
an
)
− 1
n+1
n+1∑
i=1
f
(
ai
an+1
)
= 1
n+1
n∑
i=1
[
(i−1)
n
f
(
ai−1
an
)
+ (n−i+1)
n
f
(
ai
an
)
− f
(
ai
an+1
)]
. (3.4)
From the superquadraticity of f we get from (1.2) and (3.4) that
∆ = 1
n+1
n∑
i=1
[
(i−1)
n
f
(
ai−1
an
)
+ (n−i+1)
n
f
(
ai
an
)
− f
(
ai
an+1
)]
≥ 1
n+1
n∑
i=1
[
(i−1)
n
f
(
(n−i+1)(ai−ai−1)
nan
)
+ (n−i+1)
n
f
(
(i−1)(ai−ai−1)
nan
)]
+ 1
n+1
n∑
i=1
[
f
(
(i−1)ai−1+(n−i+1)ai
nan
)
− f
(
ai
an+1
)]
(3.5)
where we let a0 = 0.
By Lemma A as f(x) is positive superquadratic it is also increasing. Therefore
from (3.3) we get that
n∑
i=1
[
f
(
(i−1)ai−1+(n−i+1)ai
nan
)
− f
(
ai
an+1
)]
≥ 0, (3.6)
and from (3.5) and (3.6) we get
∆ ≥ 1
n+1
n∑
i=1
[
(i−1)
n
f
(
(n−i+1)(ai−ai−1)
nan
)
+ (n−i+1)
n
f
(
(i−1)(ai−ai−1)
nan
)]
(3.7)
As f(0) = 0 it follows
n∑
i=1
[
(i−1)
n
f
(
(n−i+1)(ai−ai−1)
nan
)
+ (n−i+1)
n
f
(
(i−1)(ai−ai−1)
nan
)]
=
n−1∑
i=1
[
i
n
f
((
1− i
n
) (ai+1−ai
an
))
+
(
1− i
n
)
f
(
i
n
(ai+1−ai)
an
)]
(3.8)
From (3.7),(3.8) and Lemma 2 we have
∆ ≥ 1
n+1
n−1∑
i=1
[
i
n
f
((
1− i
n
) (ai+1−ai
an
))
+
(
1− i
n
)
f
(
i
n
(ai+1−ai)
an
)]
≥ n−1
n+1
2∑
k=0
f


∑
n−1
i=1
2
i
n
(
1−
i
n
)∣∣∣1−2in
∣∣∣k
(
ai+1−ai
an
)
n−1

 (3.9)
holds by inserting in (1.5) λi =
i
n
, Ai =
ai+1−ai
an
, t = 2. We also get from (1.6) that
∆ ≥ n−1
n+1
2∑
k=0
f
(∑
n−1
i=1
2(n−i)|n−2i|k(a2−a1)
n2+k(n−1)an
)
. (3.10)
It is easy to verify that
∑n−1
i=1 2 (n− i) = n (n− 1) and
n−1∑
i=1
2 (n− i) |n− 2i| =
{
(n−2)n2
2 ,
[
n
2
]
= n2
n(n−1)2
2 ,
[
n
2
]
= n−12 ,
as well as
∑n−1
i=1 2 (n− i) (n− 2i)
2
= n
2(n−1)(n−2)
3 and
(n−2)n2
2 <
n(n−1)2
2 , n =
2, 3, ....
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Hence,
∆ ≥ 1
n
n∑
i=1
f
(
ai
an
)
− 1
n+1
n+1∑
i=1
f
(
ai
an+1
)
≥ n−1
n+1
[
f
(
a2−a1
nan
)
+ f
(
(n−2)(a2−a1)
2(n−1)nan
)
+ f
(
(n−2)(a2−a1)
3n2an
)]
.
This completes the proof of the theorem. 
The following theorem deals with a lower bound for
1
cn
n∑
i=1
f
(
ai
an
)
− 1
cn+1
n+1∑
i=1
f
(
ai
an+1
)
under the same conditions as in [5, Theorem 5.6], where a different lower bound is
obtained for positive superquadratic function f .
Theorem 7. Let (ai)i≥0 and (ci)i≥0 be sequences such that ai > 0, ci > 0, for
i ≥ 1, and
(I) (ci)i∈N is increasing and c0 = 0,
(II) (ci − ci−1)i∈N is increasing,
(III) c1
(
1− a1
a2
)
≤ ci−1
(
1− ai−1
ai
)
≤ cn
(
1− an
an+1
)
, i = 1, ..., n, n ≥ 1,
(IV) a0 = 0 and (ai)i∈N is increasing.
If f is superquadratic and non-negative function on [0, 1] , then
D := 1
cn
n∑
r=1
f
(
ar
an
)
− 1
cn+1
n+1∑
r=1
f
(
ar
an+1
)
≥ n−1
cn+1
f
(
2c1(a2−a1)(cn−cn−1)
c2
n
an
)
, n ≥ 1.
Proof. From the conditions (I)-(IV) it is clear that
ci
cn
(
ai+1
an
− ai
an
)
≥ c1(a2−a1)
ancn
=: A (3.11)
and that
ci−1ai−1+ai(cn−ci−1)
ancn
≥ ai
an+1
, for an arbitrary i = 1, ..., n. (3.12)
From Lemma A we know that f(0) ≤ 0, therefore if f is positive then f(0) = 0 and
from (I) and (II) we get
D = 1
cn+1
{
n∑
i=1
[
ci
cn
f
(
ai
an
)
+ (cn+1−ci)
cn
f
(
ai
an
)]
−
n+1∑
i=1
f
(
ai
an+1
)}
= 1
cn+1
{
n∑
i=1
[
ci−1
cn
f
(
ai−1
an
)
+ (cn+1−ci)
cn
f
(
ai
an
)]
−
n∑
i=1
f
(
ai
an+1
)}
≥ 1
cn+1
{
n∑
i=1
[
ci−1
cn
f
(
ai−1
an
)
+ (cn−ci−1)
cn
f
(
ai
an
)]
−
n∑
i=1
f
(
ai
an+1
)}
(3.13)
Using the superquadraticity of f from (1.2) and (3.13) it follows
D ≥ 1
cn+1
n∑
i=1
[
ci−1
cn
f
(
(cn−ci−1)(ai−ai−1)
ancn
)
+ (cn−ci−1)
cn
f
(
ci−1(ai−ai−1)
cnan
)]
+ 1
cn+1
[
n∑
i=1
f
(
ci−1ai−1+(cn−ci−1)ai
cnan
)
−
n∑
i=1
f
(
ai
an+1
)]
. (3.14)
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As f is increasing, according to (3.12), (3.13) implies
D ≥ 1
cn+1
n∑
i=1
[
ci−1
cn
f
(
(cn−ci−1)(ai−ai−1)
ancn
)
+ (cn−ci−1)
cn
f
(
ci−1(ai−ai−1)
ancn
)]
= 1
cn+1
n−1∑
i=1
[
ci
cn
f
(
(cn−ci)(ai+1−ai)
ancn
)
+ (cn−ci)
cn
f
(
ci(ai+1−ai)
cnan
)]
. (3.15)
The last equality follows from f(0) = 0 and c0 = 0.
Inserting in (1.5) that λi =
ci
cn
and Ai =
ai+1−ai
an
, from (3.15), we get
D ≥ n−1
cn+1
t∑
k=0
f


∑
n−1
i=1
2
(
ci
cn
)(
1−
ci
cn
)∣∣∣1− 2cicn
∣∣∣k
(
ai+1−ai
an
)
n−1

 . (3.16)
Using (3.11) and (1.6) we get from (3.16) that
D ≥ n−1
cn+1
t∑
k=0
f
(∑
n−1
i=1
2
(
1−
ci
cn
)∣∣∣1− 2cicn
∣∣∣kc1(a2−a1)
(n−1)ancn
)
, t = 0, 1, 2, .... (3.17)
As (ci)i∈N is increasing, from (3.17) we have
D = 1
cn
n∑
i=1
f
(
ai
an
)
− 1
cn+1
n+1∑
i=1
f
(
ai
an+1
)
≥ n−1
cn+1
t∑
k=0
f
(∑
n−1
i=1
2(cn−cn−1)|cn−2ci|
kc1(a2−a1)
(n−1)c2+kn an
)
≥ n−1
cn+1
f
(
2c1(a2−a1)(cn−cn−1)
c2
n
an
)
.

Remark 4. If (ci)i∈N = (ai)i∈N, from Theorem 7, we get a refinement of Theorem
2 in [14] for convex functions that are also superquadratic.
In the following theorem we extend our investigation to three sequences. Inves-
tigation with three sequences was also dealt in [5].
Theorem 8. Let f be a positive superquadratic function on [0, L] . Let (ai)i≥0 ,
(bi)i≥0 , (ci)i≥0 be sequences such that ai > 0, bi > 0, ci > 0 for i ≥ 1 and
(a) (ai)i∈N , (bi)i∈N , (ci)i∈N are increasing and a0 = c0 = 0,
(b) (ci − ci−1)i∈N is increasing,
(c) cn
(
1− bn
bn+1
)
≥ cr
(
1− ar
ar+1
)
, for r ≤ n.
Then
H := 1
cn
n∑
r=1
f
(
ar
bn
)
− 1
cn+1
n+1∑
r=1
f
(
ar
bn+1
)
≥ n−1
cn+1
f
(
2c1(cn−cn−1)A
c2
n
bn
)
, (3.18)
where A := min{ai+1 − ai : i = 1, ..., n}.
Proof. The technique of the proof is analogue to the techniques that we used in
proving Theorem 6 and Theorem 7. 
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4. Subquadraticity and averages
In this chapter we deal with functions that are increasing and subquadratic on
[0, 1], like are f(x) = xm, 0 ≤ m ≤ 2 and
f (x) =
{
x2 − 2x2 log x, 0 < x ≤ 1
0 , x = 0
.
The last function is not concave and not convex and therefore none of the results
of [9], [10], [11], and [14] are applicable to this function.
Theorem 9. Let f be increasing subquadratic function on [0, 1] . Let (ai)i≥0 satisfy
(A) (ai)i∈N is increasing sequence and ai > 0, i = 1, ..., n+ 1,
(B) i
(
ai+1
ai
− 1
)
≤ n
(
an+1
an
− 1
)
, i = 1, ..., n.
Then
E := 1
n+1
n+1∑
i=1
f
(
ai
an+1
)
− 1
n
n∑
i=1
f
(
ai
an
)
≤
n∑
i=1
[
i
n(n+1)f
(
n−i+1
n+1 ·
ai+1−ai
an+1
)
+ n−i+1
n(n+1)f
(
i
n+1 ·
ai+1−ai
an+1
)]
. (4.1)
Moreover, if in addition
(C) ai+1
ai
≤ 2, i = 1, ..., n
holds, then
1
n+1
n+1∑
i=1
f
(
ai
an+1
)
≤ 2
n
n∑
i=1
f
(
ai
an
)
. (4.2)
Proof. Since (ai)i∈N increases we get from (B) that
(n+ 1)
(
an+1
an
− 1
)
≥ n
(
an+1
an
− 1
)
≥ i
(
ai+1
ai
− 1
)
, i = 1, ..., n,
which is equivalent to
iai+1+(n−i+1)ai
(n+1)an+1
≤ ai
an
(4.3)
Rewriting E we get
E = 1
n
[
n+1∑
i=1
n
n+1f
(
ai
an+1
)
−
n∑
i=1
f
(
ai
an
)]
= 1
n
[
n+1∑
i=1
i−1
n+1f
(
ai
an+1
)
+
n+1∑
i=1
n−i+1
n+1 f
(
ai
an+1
)
−
n∑
i=1
f
(
ai
an
)]
= 1
n
n∑
i=1
[
i
n+1f
(
ai+1
an+1
)
+ n−i+1
n+1 f
(
ai
an+1
)
− f
(
ai
an
)]
. (4.4)
As f is subquadratic, by using (1.5) we get from (4.4) that
E = 1
n
{
n∑
i=1
[
i
n+1f
(
ai+1
an+1
)
+ n−i+1
n+1 f
(
ai
an+1
)]
−
n∑
i=1
f
(
ai
an
)}
≤ 1
n
n∑
i=1
[
i
n+1f
(
n−i+1
n+1 ·
ai+1−ai
an+1
)
+ n−i+1
n+1 f
(
i
n+1 ·
ai+1−ai
an+1
)]
+ 1
n
n∑
i=1
[
f
(
iai+1+(n−i+1)ai
(n+1)an+1
)
− f
(
ai
an
)]
. (4.5)
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As f is increasing, using (4.3), we get from (4.5) that
E ≤
n∑
i=1
[
i
n(n+1)f
(
n−i+1
n+1 ·
ai+1−ai
an+1
)
+ n−i+1
n(n+1)f
(
i
n+1 ·
ai+1−ai
an+1
)]
.
Hence (4.1) is proved. If (C) is also satisfied, then it is easy to verify that
n−i+1
n+1 ·
ai+1−ai
an+1
≤ iai+1+(n−i+1)ai(n+1)an+1 . (4.6)
As it is given that ai > 0, i = 1, ..., n+ 1, it is obvious that also
i(ai+1−ai)
(n+1)an+1
≤ iai+1+(n−i+1)ai(n+1)an+1 , i = 1, ..., n+ 1. (4.7)
By (4.6) and (4.7) we get from (4.1) and (4.3) that E ≤ 1
n
∑n
i=1 f
(
ai
an
)
which is
the same as (4.2). Hence the theorem is proved. 
Theorem 10. Let f be an increasing subquadratic function on [0, 1] . Let (ai)i≥0
satisfy
(i) ai > 0, i = 1, ..., n+ 1 and a0 = 0,
(ii) (ai)i∈N and (ai − ai−1)i∈N are increasing sequences.
Then
R := 1
an+1
n+1∑
i=1
f
(
ai
an+1
)
− 1
an
n∑
i=1
f
(
ai
an
)
≤ 1
an
n∑
i=1
[
an+1−ai
an+1
f
(
ai
an
· ai+1−ai
an+1
)
+ ai
an+1
f
(
an−ai
an+1
· ai+1−ai
an+1
)]
. (4.8)
Moreover, if an addition
(iii) ai+1
ai
≤ 2, i = 1, ..., n
then
1
an+1
n+1∑
i=1
f
(
ai
an+1
)
≤ 2
an
n∑
i=1
f
(
ai
an
)
. (4.9)
Proof. The steps of the proof are analogue to the steps we made in proving Theorem
9. 
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